I. INTRODUCTION
The spinless Salpeter (SS) equation represents a standard approximation to the BetheSalpeter equation [1] . Upon elimination of any dependence on time-like variables in a suitable manner, the Bethe-Salpeter (BS) equation reduces to the Salpeter equation [2] . Neglecting, furthermore, any reference to the spin degrees of freedom and restricting to positive energy solutions, one arrives at the SS equation, which is the correct tool to deal with the boundstate spectrum of qq, QQ and Qq or qQ (where q = u, d, s and Q = c, b, t) interacting via some effective potential with no spin dependence, i.e., spin-averaged data (SAD). This equation was solved analytically and then numerically for its bound-state energies using different techniques by many authors [3] [4] [5] [6] [7] [8] [9] [10] .
We solved the SS equation [8] [9] [10] analytically and then numerically, for the first time, by using the shifted large-N-expansion technique (SLNET) for a wide class of static phenomenological and QCD-motivated potentials previously proposed for quarkonium [11] [12] [13] .
The non-local SS equation was expanded formally to order of v 2 /c 2 up to the first relativistic correction term. Thus, the resulting equation is a local Schrödinger-type equation for two constituent interacting particles of masses m q and m Q . On the other hand, it consists of heavy quarks and it can be reliably described by the use of the methods developed for the cc and the bb spectra.
The relativistic effects are not negligible in quarkonia, and we need to investigate them.
The simplest relativistic effect is just kinematics. They are considered in the potential as nonstatic terms, including both spin-dependent and spin-independent parts. Therefore, the nonstatic terms in the potential, as in the Fermi-Breit approximation include a spin-spin hyperfine interaction, a tensor interaction, a spin-orbit interaction, and a spin-independent interaction [14] [15] [16] [17] [18] [19] [20] . There are also nonstatic terms in the potential which are independent of spin. It is difficult to isolate these terms from data, and furthermore, there is some controversy concerning their functional form [21] . In this situation, it is better to omit them altogether.
The discovery of the B c (the lowest pseudoscalar 1 S 0 state) was reported in 1998 by the collider Detector at Fermilab (CDF) collaboration in 1.8 T eV p-p collisions at the Fermilab [22] . The observed mass M Bc = 6.40 ± 0.39 ± 0.13 GeV has inspired new theoretical interest in the problem [23] [24] [25] [26] [27] [28] [29] [30] [31] . Some preliminary estimates of the cb bound state masses have been made devoted to the description of the charmonium and bottomonium properties. More experimental data are expected to come in near future from new hadron colliders.
The spectroscopy of the cb system have already been widely studied various times over the past years in the framework of the heavy quarkonium theory [23] . The revised analysis of the B c spectroscopy has been performed in the framework of the potential approach and QCD sum rule [24, 27] . Kwong and Rosner [28] predicted the masses of the lowest cb vector (triplet) and pseudoscalar (singlet) states using an empirical mass formula and a logarithmic potential. Eichten and Quigg [22] gave a more comprehensive account of the energies and properties of the cb system that was based on the QCD-motivated potential of Buchmüller and Tye [32] . Gershtein et al. [29] also published a detailed account of the energies and decays of the cb system using a QCD sum-rule calculation. Baldicchi and Prosperi [27] have computed the cb spectrum based on an effective mass operator with full relativistic kinematics. They have also fitted the entire quarkonium spectrum. Fulcher et al. [25] extended the treatment of the spin-dependent potentials to the full radiative one-loop level and thus included effects of the running coupling constant in these potentials. They have also used the renormalization scheme developed by Gupta and Radford [32] . We applied the nonrelativistic form of the statistical model [30] and shifted large-N expansion technique (SLNET) [31] to calculate the spectroscopy, decay constant and other properties of the heavy mesons, including the cb system.
Recently, in 2002, the ALEPH collaboration has searched for the pseudoscalar bottomonium meson, the η b in two-photon interactions at LEP2 with an integrated luminosity of 699 pb −1 collected at e + e − centre-of mass energies from 181 GeV to 209 GeV. One candidate event is found in the six-charged-particle final state and none in the four-charged-particle
has reconstructed invariant mass of 9.30 ± 0.02 ± 0.02 GeV [33] . Theoretical estimates (from perturbative QCD and lattice nonrelativistic QCD of the mass splitting between η b (1S) and Υ(1S), M(Υ(1 3 S 1 )) = 9.460 GeV, are reported (cf. [33] and references therein).
Further, in 2002, the Belle Collaboration [34] has observed a new pseudoscalar charmonium state, the η c (2S), in exclusive B −→ KK S K − π + decays. The measured mass of the η c (2S), M(η c (2S)) = 3654 ± 14 MeV. It is close to the η c (2S) mass observed by the same group in the experiment e + e − −→ J/ψη c where M(η c (2S)) = 3622 ± 12
MeV was found [35] . It is giving rise to a small hyperfine splitting for the 2S state, [36] . Badalian and Bakker [37] calculated the hyperfine splitting for the 2S charmonium state in a recent work. Recksiegel and Sumino developed a new formalism [38] based on perturbative QCD to compute the hyperfine splittings of the bottomonium spectrum as well as the fine and hyperfine splittings of the charmonium spectrum [39] .
The motivation of the present calculation is to extend the SLNET [8] [9] [10] 31, [40] [41] [42] to the treatment of the SS equation [10] to calculate the hyperfine splittings for the 2S charmonium and 1S bottomonium and also to reproduce the cb Salpeter binding masses below the continuum threshold M(4S). We shall use a potential model that includes a running coupling constant effects in the central potential to give a simultaneous account of the properties of the cb system. We choose a class of three static central potentials [10] [11] [12] [13] 30, 31, 41, 42] each with a strong coupling constant α s to fit the spectroscopy of the existing and non-existing quarkonium systems. Since one would expect the average values of the momentum transfer in the various quark-antiquark states to be different, some variation in the values of the strong coupling constant and the normalization scale in the spin-dependent should be expected. We extend our previous work [31] for the solution of the SS equation to determine the binding masses of the cc, bb, and cb mesons by taking into account the spin-spin, spin-orbit and tensor interactions [14] [15] [16] [17] [18] [19] [20] [21] . The spin effects are treated, in the framework of perturbation theory, as perturbation to the static potential and the treatments are based on the reduced Salpeter equation.
The outline of this paper is as following: In Section II, we first review briefly the analytic solution of the SS equation, we consider here the unequal mass case studied in our earlier works for a class of static potentials using SLNET. Section III is devoted for the class of three static potentials, which are decomposed into scalar and vector parts and also for their spin corrections. Pure vector and scalar potentials as well as their mixture are considered. Section IV is devoted for the pseudoscalar and vector leptonic constant of the B c meson. We finally present an approximation to cc, bb, and cb mass spectra and decay constant of the B c meson.
We also calculate the the observed new charmonium η c (2S) and searched bottomonium η c (1S) mesons and the hyperfine splittings of their states. Finally, our conclusions are given in Section V. Appendix A contains some definitions as well as the formulas necessary to carry out the above mentioned computations.
II. WAVE EQUATION
The relativistic wave Salpeter equation [8] [9] [10] is constructed by considering the kinetic energies of the constituents and the interaction potential. We assume that the full Hamiltonian H governing the dynamics of the quantum-mechanical system under consideration can be split up into a free Hamiltonian H 0 and an interaction potential V (r). For the case of two particles with unequal masses m q and m Q , interacting via a spherically symmetric potential V (r), the spatial coordinate representation of the SS equation in the center-of-momentum system for the two-body system reads off
with the potential V (r) contains, in addition to the static interaction V static (r) the total spin-dependent potential V SD (r) [15] [16] [17] [18] 20, 21] . The kinetic terms involving the operation
are nonlocal operators and can be solved through a direct expansion of the square root-operator [5, 10, 17] . For heavy quarks, the kinetic energy operators in Eq. (1) can be approximated by the standard expansion in the inverse powers of quark masses to obtain the usual nonrelativistic Schrödinger Hamiltonian [5, 10] i=q,Q
where µ = mqm Q mq+m Q denotes the reduced mass and η = µ
is a useful mass parameter. The radial part of Eq. (1), in the N-dimensional space, is expanded in powers of v 2 /c 2 up to one relativistic correction term as [5, [8] [9] [10] 16 ]
where E n,l = M n,l (qQ) − m q − m Q stands for the Salpeter binding energy and ∆ N = ∇ 2 N . 1 This SS-type equation retains its relativistic kinematics and is suitable for describing the spin-averaged spectrum of two bound quarks of masses m q and m Q and total binding meson mass eigenstate M n,l (qQ). Furthermore, in order to obtain a Schrödinger-like equation, the perturbed term in Eq. (3) is treated using the reduced Schrödinger equation [44] 
where p is the center of mass momentum of the qQ system. Consequently one would reduce Eq. (3) to the Schrödinger-type form [17] 
After employing the following transformation
we may rewrite Eq.(5) simply as
with
and the effective mass parameter
The perturbation term, W n,l (r) 2 , in (7) is significant only where it is small (i.e., W n,l (r)/m ′ ≪ 1). This condition is verified by the confining potentials used to describe heavy−quark 1 This approximation is correct to O(v 2 /c 2 ). The ∆ 2 N term in (3) should be properly treated as a perturbation by using trial wavefunctions [43] .
systems except near the color−Coulomb singularity at the origin, and for r → ∞. However, it is always satisfied on the average as stated by Durand et al. [17] . We now proceed to solve Eq. (7) with Eq. (8). In the SLNET [8] [9] [10] 30, [40] [41] [42] , it is convenient to shift the origin of coordinates to r = r 0 (or y = 0) by defining
Expansions about this point in powers of y and k yield
and also
Further, by substituting Eqs. (8) through (13) into Eq. (7), one gets
The parameter Q is an arbitrary scale, but is to be set equal k 2 at the end of our calculations.
Thus comparing Eqs. (14) and (15) with its counterpart Schrödinger−like equation for the one−dimensional anharmonic oscillator problem [40] , we calculate all the relevant quantities δ's and ε's [31] . The final analytic expression in the 1/k expansion of the energy eigenvalues appropriate to the SS particle is
with n r is to be set equal to 0, 1, 2, · · · . The quantities β (1) and β (2) appearing in the correction to the leading order of the energy expression are displayed in [31] .
Comparing the terms of Eq. (15) with their counterparts in Eq. (16) and equating terms of same order in k, one gets the leading contribution to the binding energy
where m µ =µ/m ′ . Here r 0 is chosen to minimize E 0 , that is,
and it satisfies
To solve for the shifting parameter a, the next contribution to the energy eigenvalue, in Eq.
(13), is chosen to vanish (i.e., E 1 = 0) which gives
with ω defined as
The scaling parameter Q, in Eq. (19) , is simply written as
Therefore, with the help of relations (20) through (23) together with Q = k 2 , we obtain the following formula
which is an explicit equation in r 0 . Once r 0 is determined via (24) , it becomes easy and straightforward to obtain E 0 via Eq. (17), E 2 and E 3 via solving Eqs. (15) - (16). Thus, the general expression for the binding energy eigenvalue takes
which works well and is convergent as the value of l increases. Finally, the binding meson mass eigenstate for the quarkonium families is
where m 1 and m 2 are constituent quark masses.
III. HEAVY QUARKONIUM AND B C MESON MASS SPECTRA
To describe the spin-dependent relativistic corrections to the potential, we have used a similar approach derived by Olsson et al. [14] for positron. We choose the potential in Eq.
(1) as [18, 20, 44 ]
with spin-dependent and spin-independent perturbation terms are given in Refs. [20, 21, 43, 44] . Further, the static potential [7] [8] [9] [10] [11] [12] [13] 30, 31, 41, 42] takes the general form
where A > 0, κ > 0 and V 0 may be of either sign. The first potential we consider here is the Cornell [13] potential which is one of the earliest QCD-motivated potentials having the form
where A = 4α s /3, the Coulomb-type piece characterizes the short-range gluon exchange, κ is a confinement constant, and the constant V 0 is for spin-independent interactions not included explicitly in the r− dependent part of the potential. It is related to the slope κ of the linear potential by [15] 
where γ E = 0.577215 · · · is the Euler-Mascheroni constant. The second potential is that of Song and Lin [12] and is given by
The third potential is an intermediate case between the last two mentioned potentials and is called Turin potential [11] 
The class of static potentials in Eq. (28) must satisfy the following conditions
The fine and hyperfine splittings are computed by using the Breit-Fermi interaction with the assumptionp [16, 18] 
where ǫ is some mixing parameter. The vector term incorporates the expected short-distance behaviour from single-gluon exchange. We have also included a multiple of the long-range interaction in V V (r) to see if we can determine the vector-scalar nature of the confining interaction. Here we investigate the cases of pure scalar confinement (ǫ = 1), equal mixture of scalar-vector couplings (ǫ = 1/2) and a pure vector case (ǫ = 0). The spin dependent correction to the nonrelativistic Hamiltonian, which is responsible for the fine splittings, is also modelled on the Breit-Fermi Hamiltonian [22, 29] . It can be decomposed into a part, which is antisymmetric with respect to the spins of the constituents V A (r), and apart symmetric in these spins. The symmetric part can be decomposed into a spin-orbit interaction V LS (r), a spin-spin interaction V SS (r), and a tensor part V T (r). Therefore, it is given by [15] [16] [17] 20, 21, 44 ]
where S 1 and S 2 are the quark spins, S − = S 1 − S 2 , L = x × p is the relative orbital angular momentum, and S 12 = T − (S 1 · S 2 ) /3 where T = (S 1 · r)(S 2 · r) is the tensor operator with the versor r = r/r . The spin dependent correction (36), which is responsible for the hyperfine splitting of the mass levels, in the short-range is generally used in the form for S-wave (L = 0) (cf. e.g., [32, 43, 44] )
but the one responsible for the fine splittings is used for P -and D-waves (L = 0) it is given by
where the matrix element can be evaluated in terms of the expectation values [22] 
Therefore for the energy of spin-spin interaction we have approximately:
where M n,0 is given in Eq. (26) and the singlet-triplet mass squared difference [15] 
for lightsystems (in the instantaneous-limit approximation) [15] , and
for heavy quarkonia (hydrogen-like trial functions) [15] . All these predictions for the masssquared difference are independent of the mass of the particles which constitute the bound state. Further, for the Song-Lin and Turin potentials, it also give
On the other hand, the Eq. (38), for P , D, · · · waves (L = 0) case, gives
with a given set of spin-dependent quantities
and
where g(r) = β mqm Q r 2 is a necessary coupling function. The spin-independent corrections in Eq. (27) are explicitly given by Ref. [44] which are not treated in our present work.
A. Singlet states
For parastates (L = J) or (S = 0) case, we have parity P = (−1)
J+1 and charge conju-
Thus, the potential (44) can be rewritten as
which can be substituted in Eq. (8) and also by setting k = N + 2J − a therein. Further, Eqs. (39) and (43) give
respectively, which generate singlet states with opposite quark and antiquark spins of the signature n 1 S 0 . Furthermore, Eq. (49) can be rewritten simply as
which generates states of the signatures
B. Triplet states
For triplet (S = 1) case, we have the known inequality |L − S| ≤ J ≤ L + S that gives J = L and L ± 1 :
Here, the parity P = (−1) J+1 and the charge conjugation C = (−1) L+1 . The potential in Eq. (44) takes the following simple form
which can be substituted in (8) together with k = N + 2J − a therein. Further, the potential (53) reads
which generates states like
We have the parity P = (−1) J and the charge conjugation C = (−1) L+1 . The eigenfunction is a superposition of two components with orbital momentum L = J + 1 and L = J − 1 which have equal space parity
The action of the tensor operator, T, on the two components of the wavefunction in Eq.
(55) is
Therefore, a set of equations are obtained
where k = N + 2J + 2 − a. Therefore, Eqs. (57) and (58) describe states such as
Here we may consider numerically the system obtained and separate equations by dropping out the mixed terms to see their effect on the spectrum of the masses. Consequently one can rewrite (57) and (58) in the following simplest forms
for states
for states n 3 P 2 , n 3 D 3 , · · · . Further, for triplet S-wave, we have
which describe states such as n 3 S 1.
State J = 0
Equations (59) and (60) degenerate into a single equation with an effective potential
and also by setting k = N + 2 − a therein. Further, Eq. (63) becomes
which only describes states such as n 3 P 0 .
IV. PSEUDOSCALAR AND VECTOR DECAY CONSTANTS OF THE B C

MESON
The significant contribution to the B c total decay rate comes from the annihilation of the c quark and b antiquark into the vector boson W + which decays into a lepton and a neutrino or a quark-antiquark pair.
The nonrelativistic expression for the decay constants is given by [45] [46] [47] 
where Ψ P,V (0) is the meson wave function at the origin r = 0. The f P and f V , P corresponds to the pseudoscalar B c and V to to the vector B * c mesons and M P,V (qQ) are the masses of the B c and B * c mesons.
V. RESULTS AND CONCLUSION
We have solved the spinless Salpeter equation using SLNET and also extended our earlier formalism for the SAD spectra [31] by introducing the spin corrections. Furthermore, we have obtained a unified description of the self-conjugate meson spectroscopy with a phenomenological and a QCD-motivated potential model. This model has also extended to comprise various cases of pure scalar confinement (ǫ = 1), scalar-vector couplings (ǫ = 1/2) and the vector confinement (ǫ = 0) interactions. It was motivated by our desire to construct an analytic expression for the quarkonium mass spectra of different spins and confining interactions that could have combined both heavy and light quarkonia.
The parameter fits used in this work together with the quark masses are shown in Table   I . They are taken to be same as those considered in our earlier works [10] for each static attractive potential. We do not view our present result as a totally successful model of quarkonia interactions even though the level structure is good and the transitions are also well accounted for. It seems likely that in this study our model has shown remarkable success in describing the heavy quarkonia data well once the potential parameters are fitted properly for optimum agreement with the experimentally observed data.
We have made the Salpeter binding mass Eq. (26) Tables II-III. Further, Table IV shows the predicted Salpeter masses of unobserved n 2S+1 D J , n 2S+1 F J and n 2S+1 G J bottomonium levels using a new set of potential parameters. Therefore the calculated bottom masses of all static potentials for the n 2S+1 S J , n 2S+1 P J and n 2S+1 D J states are quite fair for the Turin potential as clearly seen from the average relative error range, (
We have also predicted the B c meson spectrum for the three static potentials in Table V using the set of parameters in Table I . In Tables VI and VII couplings and also vector confinement (ǫ = 0). We found that larger values of ǫ are mildly preferred by fits to the spin-singlet or triplet states while the quality of the ǫ = 1 fit to the spin singlet and triplet data is not as high as that of the ǫ = 1/2 and ǫ = 0 fits, it is certainly acceptable, with a value of errors. We conclude here that the Lorentz structure of the confining interaction cannot be determined using only ǫ = 1/2. We will henceforth restrict our attention to the case of pure scalar confinement at large distance as expected theoretically. The three potentials seem to be fairly good in fitting all the data..
In the equal scalar and vector couplings, we have found that our fits are very good with level values and accurate to a few MeV. For convenience we compare explicitly the predicted and measured spin splitting energy for different L states. We find that the apparent success MeV.
We observe, in this connection, that splitting approximation can be improved significantly by increasing the quantum number L. It has also been noted that the term contributing most to the Salpeter binding energy is the leading term E 0 as L becomes non zero which improves the convergence of Eq. (25) . This is expected since the expansion parameter 1/k becomes smaller as L becomes larger.
It is found that most results agree moderately well with the experimental data, or with the theoretical predictions wherever experimental data are not available. Our predictions for the lower states are considerably better than the higher states since Υ(nS), where n > 4 lie above the threshold and predominantly decay into mesons containing charm and beauty flavour.
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The results obtained are a relevant summary of the effectiveness of the method. It seems likely, that the average relative errors of the fitting results are almost very small for most states. The comparisons with the experimental data show clearly that when we are taking into account the relativistic corrections and also the third order approximation to the binding energy, the coincidence with the experimental data is improved. The deviations from experiment are more considerable at n 1 S 0 states for cc and bb systems. These results
show that the last terms in these equations in most cases are not important for the spectrum of meson masses. We do not pretend to display a whole account of the meson spectroscopy.
Our purpose is to demonstrate the possibility of applicance of SLNET for determination of meson masses in the context of the SS equation using relativistic kinematics.
We have found that fitting the parameters is extremely essential to enable one to sharpen the analysis. 3 The prescription and the wave equation used are responsible for the deterioration of the fit parameters. The calculation and parameters are also model dependent as remarked in our earlier papers [10, 31] . All we can say that the SLNET works for the SS equation well with relativistic kinematics as these parameters are fitted properly and once the mass of the quark is taken large.
¿From a phenomenological point of view, a certain amount of flavour dependence is required. It was pointed out by Miller et al. in [14] that no flavour-independent potential could fit both the spin-averaged cc and bb levels.
It is clear that the coulomb-like parameter A is in accordance with the ideas of asymptotic freedom is expected for the strong gauge-coupling constant of QCD, that is, α s (m c ) = For parastates (S = 0) case we have:
For triplet (S = 1) case we have the following:
For bound-state constituents of spin S 1 = S 2 = 1/2, the independent operators S 1 · S 2 ,:(S 1 ± S 2 ) · L and T : (A4) a We used different potential models with (ǫ = 0). a We used different potential models with (ǫ = 0).
b For the 1S level.
